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Abstract

The control of dynamically stable legged locomotion has made great strides in the past

decade� Usually powerful hydraulic actuators are harnessed for control of the legged robot�

In this report� we focus on a planar one�legged hopper� which is electrically actuated� This

type of actuation technology is clean� safe and cheap� suitable for indoor use and autonomous

robots� However� because DC motors have much smaller torque�mass ratio than hydraulic

actuators� special consideration must be paid to the modelling� design and control of the

hopper�

For the vertical hopper we derived a dynamical model including actuator dynamics� and

developed di�erent control strategies based on the total energy of the system� These strate�

gies are veri�ed by simulation� For planar motion we used the passive dynamics concept to

model the hopper� This modelling leads to an energy e�cient system� and might simplify

the control�

A one�legged hopper was designed and constructed� and some of the control algorithms were

implemented� Using the experimental results� the estimated parameters in the simulations

were modi�ed and the simpli�ed model�based control was veri�ed�
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R�esum�e

La commande d�un robot sauteur unijambiste dynamiquement stable a 	et	e l�object de progr
es

consid	erables au cours des dix derni
eres ann	ees� Habituellement� de puissants actuateurs hy�

drauliques sont utilis	es pour la commande du robot unijambiste� Dans ce rapport� nous nous

concentrons sur un robot sauteur unijambiste planaire qui est manoeuvr	e 	electriquement� Ce

type de manoeuvre est propre� s	ecuritaire et est une technologie peu couteuse� Elle est ap�

propri	ee 
a l�utilisation int	erieure et aux robots autonomes� Parcontre� 
a cause des limitations

de puissance disponible� une attention toute particuli
ere doit �etre port	ee sur la modellisation�

la conception et la commande du robot sauteur�

Pour le sauteur vertical nous avons d	eriv	e un mod
ele dynamique incluant la dynamique

des actuateurs et d	evelopp	e des strat	egies de commande di�	erentes� bas	ees sur l�	energie totale

du syst
eme� Ces strat	egies sont v	eri�	ees par simulation� Pour un d	eplacement planaire�

nous avons utilis	e le concept des dynamiques passives a�n de mod	eliser le sauteur� Cette

mod	elisation r	esulte en un system 	energiquement e�cace et simpli�e la commande�

Un sauteur vertical unijambiste est con�cu� construit� et quelques algorithmes de com�

mande y sont r	ealis	es� Les param
etres estim	es lors de la simulation furent modi�	es 
a partir

des r	esultats exp	erimentaux� et la commande 
a base de mod
ele simpli�	ee fut v	eri�	ee�
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Chapter �

Introduction

In this report we deal with a group of robots named Legged Robots� The research on this

subject has a long history� however� only the last decades saw some successful experimental

prototypes� In this chapter we explain why this research is important� and what bene�ts

it could present to humans� Then we review a short history of the research done in this

subject� Afterwards we will discuss the introductory concepts to develop the idea� and the

contributions of this research�

In chapter two we address the analysis and modelling of a planar one�legged robot� Two

di�erent ways of modelling the system will be studied and the simulation results will be

discussed� In chapter three we speak about the design of the leg and the modular arti�cial

muscle system� the analysis to identify the system parameters� and the dimension and stress

analysis of the parts will be explained� Chapter four is about the experimental results� The

overall scheme of the hardware and software which is used in the experiments will be dis�

cussed �rst� and then the methods of experimentation and the results will be studied� At

the end a comparison between the experimental and analytical results will be made� and an

approach to match these result will be explained� Then the results of the simpli�ed model

will be veri�ed with the experimental results� The conclusion and suggestions for further

work will be given in the last chapter�






CHAPTER �� INTRODUCTION �

��� Why Study Legged Robots�

This report is about the machines that use legs to run� The purpose of these machines is to

study the principles of legged locomotion� Such principles can help us to understand animal

locomotion and to build useful legged vehicles�

There are three main reasons for exploring the use of legs for locomotion� First reason is the

study of the mobility in di�cult terrain� Today�s vehicles use wheels to move� and wheels

can provide motion only on prepared surfaces� such as rails and roads� However� most of

places have not been paved� It seems possible to build vehicles which use legs like animals

for locomotion�

The second reason to study legged machines is to understand human and animal locomo�

tion� The principles of control which is used in human and animal locomotion is still not

understood� One way to learn more about plausible mechanisms for animal locomotion is to

build machines that locomote using legs ��
��

The third reason which motivated the study of legged locomotion is the need to build arti�

�cial legs for amputees� For below�knee amputee and above�knee prostheses some practical

feet have been built� but there is still a long way to �nd appropriate mechanisms which can

be substitute the real organs �
���

��� Background

Before introducing the main topic� we turn brie�y an account of previous work on legged

machines� The scienti�c study of legged locomotion began just over a century ago when

Muybridge studied the trotting motion of a horse� His photographic data are still of consid�

erable value and survive as a landmark in locomotion research �
���

During the ninety years that followed� the �eld viewed that of building walking machines

as the task of designing kinematic linkages that would generate suitable stepping motion�

However� by the late 
���s it had become clear that a linkage providing �xed motion would

not do the trick of walking or running� and useful walking machines would need control�
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One approach to control was to harness human� Mosher used this approach in building a

four legged walking truck �
��� Another approach is the use of digital computer for control�

McGhee�s group was the �rst to use this approach successfully �

�� They built an insect�like

hexaped that could walk with a number of standard gaits� turn� crab� and negotiate simple

obstacles�

Gur�nkel and his group built a machine quite similar to McGhee�s� which used analog com�

puter �hybrid� for control ���� Hirose designed clever and unusual mechanisms to simplify

the control of locomotion and improve their e�ciency ���� McGhee� Gur�nkel� and Hirose�s

walking machine groups represent a class called Static Crawlers� Several other machines

that fall into this class have been studied in the intervening years�

Another class turned to the study of dynamic machines that balance actively� Shannon

was probably the �rst to build a machine that balanced an inverted pendulum in top of a

small powered truck� This study forwarded by his students to demonstrate controllers for

two pendulums at once� and �nally the case that two pendulums were mounted on top of

each other� Later� they extended these techniques to provide balance for a �exible inverted

pendulum ����� Miura and Shimoyama�
�� 
�� built the �rst walking machine that really

balanced actively� The control of their biped relied on an inverted pendulum model� Mat�

suoka was the �rst to build a machine that was able to hop on one leg�

The �eld of dynamically stable legged locomotion has made great strides in the past decade�

led primarily by Marc Raibert ��
�� He built a variety of running robots� starting with a

planar one�legged machine ����� followed by a �D one�legged� a two�legged planar robot� and

a four�legged quadruped� His latest robots include a �D two�legged robot� where each leg

has four actuated degrees of freedom� Except for the very �rst one legged planar hopper�

which was pneumatically actuated� his subsequent designs are actuated by powerful hy�

draulic actuators and rely on pneumatics for the leg spring only ��
�� Papantoniou designed

an electrically powered planar robot� capable of operating at maximum speed of ��� m�s�

In order to obtain that� an original mechanical design of an articulated leg and leg attitude

control has been realised �
���
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��� Contributions of This Research

We want to analyse again the legged robots� where Raibert has started a few years ago�

His research clearly shows that this area is a platform for new ideas� The variety of designs

and controller could be examined� and simpli�ed model could be justi�ed with experiment�

Generalizing simple controller for more complex robots is another feature of these research�

We decided to start with simple prototypes� but with the image of generalizing the results

to a more complex one� Therefore� we studied a one�legged running robot with elastic pris�

matic leg� We focus on electrical actuation� instead of hydraulics� as a clean� safe and cheap

technology� suitable for indoor use and autonomous robots�

There are three main contributions of the present research� First� we present a new robot

leg design for a vertical hopper actuated by a low power electric motor� The leg is a mod�

ular component which in fact is part of a planar robot� and which can be used for �D and

multi�legged robots� Second� we derive carefully a dynamical model for our robot which we

validate by comparing simulations to experiments� This model is to our knowledge the �rst

one for running or hopping robots which includes actuator dynamics� For robots with elec�

trical actuators� these can no longer be neglected� Third� we developed di�erent continuous

control strategies� which stabilize the hopper� even with limited motor power available�



Chapter �

Analysis and Simulation

��� Vertical Hopping Dynamics

In synthesizing control system for legged machines� there are many design alternatives ����

Several functions must be performed� and each function can be accomplished in several dif�

ferent ways� For feasibility of experimentation� we �rst analyse the possibilities and then

determine which alternatives will be implementable�

There exist some control algorithms for vertical hopper based on step actuator position input

during stance phase ��
�� We are looking for a stable control algorithm which is based on a

continuous input� and we want to implement it on a one�legged hopping robot�

����� Modelling

Figure ���
� illustrates the model of the vertical hopper used for analysis and simulation�

The essential features of the model are a body of mass M � a compliant leg of mass m� and

sti�ness K with damping C� The total length of the leg is �xed� however� the initial preload

of the spring can be adjusted� The actuator� which is a position source operating in series

with the spring� consists of a DC motor and a ball screw transmission with lead r�The ac�

tuator and spring act together to lengthen and shorten the leg� and to exert forces between

�
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Figure ��
� Vertical Hopper model in stance and �ight phases

the foot and the body�

The leg spring absorbs energy by shortening under load of the body and returns energy

by lengthening� accelerating the body upward� A mechanical stop prevents the leg from

extending beyond a �xed length� The unsprung mass mu represents that portion of the leg

that is functioning below the spring� the rest being included in body mass M �

When the actuator changes length� it does work on the leg spring to increase or decrease

its stored energy� This arrangement of actuator� leg� spring� and mechanical stop permits

the model to hop� During stance phase the actuator excites the spring�mass system� As

the leg reaches maximum length� the mechanical stop permits a fraction of kinetic energy

to transfer from the body to the leg� enabling the foot to leave the ground� There are two

sources of energy loss� impact of unsprung mass to the ground which we assume to be per�

fectly inelastic� and friction which is modelled as a dry friction Ffr� and viscous friction�

The idea of maintaining the desired hopping height of the system is to measure the energy

in the vertical motion during stance phase� and to control the leg actuation to inject energy

to the system to reach to the desired hopping height�
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Figure ���� Vertical Hopper and actuator model during �ight

����� Dynamics

The motion is divided into two phases� �ight and stance phase� and two transients� touch

down and lift o�� In modelling we consider the dynamics of the actuator� Suppose the

actuator consist of DC motor and ball screw transmission� where the rotating parts have a

moment of inertia J and sliding mass is represented by ms� The ball screw transmission ratio

is r� The input to the system is the motor torque � � Moreover� we suppose the motor and

ball screw transmission have an overall e�ciency �� For the modelling we use the lagrange

approach� The Lagrange formulation can be written as

d

dt

�
�L

�  qj

�
� �L

�qj
� Qj ���
�

Where Lagrangian� L is subtraction of potential energy from kinetic energy� namely L �

T �V� qj is the generalized coordinate� which for our system is z and p� and the Qj is the

generalized nonconservative force� which could be derived using virtual work principle�

������� Flight Phase

Figure ����� represents the �ight model� During �ight phase we can write the kinetic and

potential energies as follows�

T �



�
J�

 p

r
�� !




�
�M ! mu�  z� !




�
ms�  z �  p�� �����

V � Mgz ! msg�z � p� ! mug�z � l�� !



�
k�s� � l� ! p�� �����
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where p is the downward linear motion of the actuator� and is related to the DC motor

angular position � with�

� �
p

r
�����

therefore� Lagrangian L is as follows�

L �



�
�  p� !




�
�mt�  z� �ms  z  p�mtgz ! msgp ! mugl� � 


�
k�s� � l� ! p�� �����

where mt is the total mass� and

mt � M ! ms ! mu

� � J

r�
! ms

�����

Before taking derivatives of Equation ����� let�s derive the generalized forces� Assume the

friction forces are divided into a viscous damping due to the spring� and a dry friction act on

the body due to the planariser Ffr�p� The friction of the sliding part of the actuator added

to the ball screw friction and motor bearing frictions acts in the formulation by considering

an overall e�ciency � for the actuator� In the virtual work approach we assume in�nitesimal

virtual displacement on the system and �nd the virtual work done on the system� which will

be equal to the generalized force times virtual displacement� To decouple the generalized

forces� Qz and Qp� we apply decoupled virtual displacements dz and dp respectively�

Suppose we have a virtual displacement dz and no displacement dp then the virtual work

will be�

dWz � Qzdz � Ffr�psign��  z�dz �����

and the generalized force turn out to be�

Qz � �Ffr�psign�  z� �����

Now suppose a virtual displacement dp and no displacement dz� the virtual work will be�

dWp � Qpdp � �c  sds ! �sd� �����

where �s is the torque acting on the sliding mass and is equal to �� where � is the motor

torque� Moreover�

s � s� � p ��  s � �  p � ds � �dp ���
��



CHAPTER �� ANALYSIS AND SIMULATION �

Finally using Equation ����� and Equation ���
�� into Equation ������ the generalized force

will be exerted�

Qp � �c  p !
��

r
���

�

Using Lagrangian Equation ���
� considering Equation ����� and Equation ���

� we end up

with�

mt"z �ms"p ! mtg � �Ffr�psign�  z� ���
��

�"p �ms"z �msg �
� �

r
� k�s� � l� ! p� � c  p ���
��

The �nal state equation will be�

���
��

"z

"p

���
�	 �




�



�� � ms

ms mt



��
���
��
�mtg � Ffr�psign�  z�

msg ! � �

r
� Fs

���
�	 ���
��

where Fs is the spring force� and

� � J

r�
! ms

� � �mt �m�
s

Fs � k�s� � l� ! p� ! c  p

���
��

The �nal state equation can be shown in the standard form�

 x � Ax!B� !E ���
��

where�

A �



���������

� 
 � �

� � � �msc

�

� � � 


� � � �mtc
�



���������

� B �
�

� r

����������
���������

�

ms

�

mt

����������
��������	

� x �

����������
���������

z

 z

p

 p

����������
��������	

���
��

E �



�

����������
���������

�

� ��mtg � Ffr�psign�  z�� ! ms �msg � k�s� � l� ! p��

�

ms ��mtg � Ffr�psign�  z�� ! mt �msg � k�s� � l� ! p��

����������
��������	

���
��
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Figure ���� Vertical Hopper and actuator model during stance

������� Touchdown

Touchdown occurs when z�ttd� � l� and  z � �� Suppose the velocity of the center of mass at

touchdown just before impact is  ztd�� At touchdown the unsprung mass dissipates its kinetic

energy to the ground when it suddenly is brought to rest� however� because of the leg spring

the kinetic energy of the body remains unchanged� Thus the energy lost at touch down will

be �

�Etd �



�
mu  z�td� ���
��

and

 ztd� �  ztd� ������

The amount of energy dissipation of the unsprung mass at touchdown reaches to approx�

imately 
��J for our physical machine� at the nominal hopping height with a touchdown

velocity of ��m	s�

������� Stance Phase

Considering Figure ������ the stance model is derived using the Lagrangian L � T � V�

where

T �



�
J�

 p

r
�� !




�
M  z� !




�
ms�  z �  p�� ����
�

V � Mgz ! msg�z � p� !



�
k�s� � z ! p�� ������
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Therefore�

L �



�
�  p� !




�
�M ! ms�  z� �ms  z  p�Mgz �msg�z � p� � 


�
k�s� � z ! p�� ������

where�

� �
J

r�
! ms ������

The friction forces are modelled as viscous and dry frictions� In this case the dry frictions

have two components� The �rst part is due to the planariser� namely Ffr�p� which is also

present in the �ight phase� and the second part is due to the sliding of the lower leg and

upper leg� called ffr�s� which is present only in the stance phase� Similar to the method used

in the �ight phase� we will use the virtual work approach to �nd the generalized forces�

First suppose a virtual displacement dz and no dp�

d Wz � Qzdz � �c  sds ! �Ffr�p ! Ffr�s�sign��  z�dz ������

But in this case�

s � z � p ��  s �  z �  p ������

In general ds � dz � dp� but here we don�t have dp� therefore�

ds � dz ������

Thus the generalized force Qz will be derived as�

Qz � �c�  z �  p�� �Ffr�p ! Ffr�s�sign�  z� ������

Now consider a virtual displacement dp and no dz�

dWp � Qpdp � �c  sds ! �s  � ������

Equation ������ holds for this case but� ds in this case is equal to� ds � �dp� Again �s is the

torque acting on the sliding nut of the actuator� and considering all the losses come through

the e�ciency ��

�s � � � ������
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where � is the motor torque� Finally generalized force will be simpli�ed to�

Qp � c�  z �  p� �
� �

r
����
�

Using Equation ���
�� by di�erentiation from Equation ������ and inserting the generalized

forces from Equation ������ and Equation ����
� we end up with�

�M ! ms�"z �ms"p ! �M ! ms�g � k�s� � z ! p� ! c�  p �  z�� �Ffr�p ! Ffr�s�sign�  z� ������

�"p�ms"z �msg �
� �

r
� k�s� � z ! p�� c�  p �  z� ������

The �nal state equation will be����
��

"z

"p

���
�	 �









�� � ms

ms M ! ms



��
���
��
��M ! ms�g ! Fs � �Ffr�p ! Ffr�s�sign�  z�

msg ! � �

r
� Fs

���
�	 ������

where

� � J
r�

! ms


 �
�
M ! J

r�

�
ms ! MJ

r�

Fs � k�s� � z ! p� ! c�  p �  z�

������

The �nal state equation can be shown in the standard form�

 x � Ax!B� !E ������

where�

A �



���������

� 
 � �

� �Jc

r��
� Jc

r��

� � � 


� Mc

�
� �Mc

�



���������

� B �
�


 r

����������
���������

�

ms

�

M ! ms

����������
��������	

� x �

����������
���������

z

 z

p

 p

����������
��������	

������

E �






�����������������
����������������

�

� ���M ! ms�g ! k�s� � z ! p�� �Ffr�p ! Ffr�s�sign�  z�� !

ms �msg � k�s� � z ! p��

�

ms ���M ! ms�g ! k�s� � z ! p�� �Ffr�p ! Ffr�s�sign�  z�� !

�M ! ms� �msg � k�s� � z ! p��

�����������������
���������������	

������
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������� Lifto�

When the leg is fully extended and z�tlo� � l� and  z � �� lifto� occurs� The leg velocity just

before lifto� is zero� and the body velocity is  zlo�� There are no external forces acting on

the total system so due to the conservation of linear momentum before and after lift o��

�M ! ms�  zlo� �ms  p � �M ! mu�  zlo� ! ms�  zlo� �  p� ������

then

 zlo� � �  zlo� ������

where � is de�ned as�

� �
mt �mu

mt

����
�

The amount of the energy dissipation at lifto� is less than that at touchdown� For our

prototype with nominal hopping height and lifto� velocity of �m	s this value will be ap�

proximately ��mJ � while the energy dissipation at touchdown is 
� times this�

����� Control and Simulation

The control of hopping height is based on energy evaluation and energy injection to the

system� There are many control algorithms we can examine here �
��� In the present work

we examine a few of them�

A simulation in C language is developed� which is designed for more complete models of

robots� The body of the simulation has the capacity of implementing multi�legged robot

models with di�erent actuators and complexities� In this section we introduce the control

principles examined in simulation and give the results of simulation� The data used in the

simulation is given in the Table ���
��

������� Proportional Energy Error Control

The basic idea of this method is to measure the components of instantaneous energy of the

system and �nd its error to the desired energy level for a desired hopping height� and to
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Symbol Description Data
M Sprung mass ��� Kg
mu Unsprung mass ��� gr
ms Sliding mass ��� gr
mt Total mass ����� Kg
J rotating part moment of inertia ���� 
��� Kg	m�

r Ball�screw lead � mm	rev
k Spring sti�ness 

 KN	m
c Viscous damping coe�cient �
s� Spring free length ���� m
l� Leg free length ���
 m
� Motor and ball�screw e�ciency #��
� Maximum Motor torque input �torque control� 
�� Nm
Ffr Friction force during stance 
� N
Ffr�p Friction force due to the planeariser � N
Ffr�s Friction force due to the leg sliding parts � N

ke Energy control gain ���
kv Velocity control gain ��
kp Position Control gain ���
kp�f Position gain for �ight control law �� 
��

kv�f Velocity gain for �ight control law ���
Ed Desired energy �� J
l� Actuator travel in step position control 
� mm

Table ��
� Parameters of vertical hopper model

inject energy to the system equal to the amount of error during stance phase� If �Eadd

represents the injected energy to the system� and ED and E�t� are the desired energy and

the instantaneous energy respectively� then

�Eadd � ED � E�t� ������

Suppose the potential reference level is ground� Then the desired energy level for hopping

height HD is �

ED � Mg �l� ! HD� ! ms � g �s� ! HD� ! mu � g �HD ������

The energy of the system during stance can be derived adding Equation ����
� and Equation

�������

E�t� �



�
J  �� !




�
M  z� !




�
ms�  z � r  ��� ! Mgz ! msg�z � p� !




�
k�s� � z ! p�� ������
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If we measure spring force Fm� then




�
K�s� � z ! p�� �




�

F �
m

K
������

We need to measure z�  z� �� and  � to �nd the total amount of energy�

The energy added to the system is due to the actuator velocity which pushes the spring� If

Fs represents the spring force� then�

�Eadd �
Z t

�
Fs�t� �  p�t�dt ������

by di�erentiation

 p�t� �



Fs�t�
� d
dt

��Eadd� ������

By integrating we reach to

p�t� �

�Z t

�




Fs�t�
� d
dt

��Eadd�dt

�
! p�t�� ������

These equations is too complicated to be implement in practice� however� it leads us to

simple position or velocity control of the motor� The energy error introduced here could

be used in other control strategies� A torque control law for the motor� or actuator step

position could be based on this formulation� We elaborate them in separate sections�

������� Open Loop Position Step

This control law is basically a step position control of the actuator during decompression of

spring� The purpose of control is to gain the losses by injecting energy during the stance

phase� We examine this law since it is simple and some research is done based on this law

����� although with a DC motor and ball�screw transmission is not realistic�

The amount of p is �

p�t� � l� ut�t� t�� ������

where ut represents the step function and t� is the time of maximum spring compression�

and the beginning of the decompression phase� For l� � 
�mm and the other data given in
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Table ���
�� the state parameters are illustrated in Figure ������ The hopping height never

stabilizes to a �xed height and the phase plot illustrated in Figure ����� does not show a

stable limit cycle� for this case� The total energy of the system decreases continuously� and

the control input could not gain the energy losses due to friction and impact momentum

transfer� This is because of the friction we have assumed for the system� We can reach to

some stable limit cycles� provided to have more actuation position input� or less friction�

������� Closed Loop Position Step

This control law is very similar to the control law of Section ���
������ but we consider a

position step as a function of the energy�error� The amount of position step is proportional

to the energy error�

p � kp �ED �E�t��ut�t� t�� ������

To �nd an estimate value for kp we simpli�ed Equation ������ and �nd a normalized amount

for kp�

kp �
ED �E�t�

K�z�t��� z�ttd��
����
�

Where ttd correspond to touch down instance� The simulation results with kp � ��� is il�

lustrates in Figure ����� and Figure ������ In this case we observe a reentrant behaviour of

the hopper with a reasonable amount of actuator position input� The energy and phase plot

con�rms the stability of the system�

������� Torque control

For DC motors the most realistic control law should be based on torque control� In most of

typical servo motors� there is a current feedback� which could be used in control law� Since

the torque of the motor is proportional to its input current� a control law based on torque

is easily implementable� In this case the input torque could be �xed or a function of energy

error� Fixed torque control law is in fact a stable open loop control law� thus by setting
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the amount of �xed torque we will reach to a speci�c steady state hopping height� However

the other approach lets us de�ne a desired energy level and force the system to our desired

hopping height� Figure ����� and Figure ����� illustrate the case where we apply a continuous

torque of 
Nm during the stance phase� We observe a stable duty cycle and a asymptotic

energy level at steady state which is a function of the applied torque to the system�

The results of simulation with a closed loop torque control law based on �

T �t� � �Ke �E�t�� ED� ������

and Kc � ��� is illustrated in Figure ���
�� and Figure ���

�� The di�erence of these two

approach are clearly understood by comparing the phase plots� In this case we have a very

fast converging to the desired energy level� although in the open loop torque control we

observe a delayed convergence�

������� Actuator Velocity Control

Regarding Equation ������ the actuator velocity is directly proportional to energy error�

This leads us to the velocity control law given by following equation�

 p�t� � �Kv �E�t�� ED� ������

The simulation results for Kv � �� is illustrated in Figures ��
� and Figure ���
��� Again

we observe a stable duty cycle� The success in these control options motivates constructing a

prototype and examining them in practice� It�s obvious that there are some other important

aspect that should be considered in practice� For example� consider this fact that in this

strategy there is no limitation on the maximum torque applied by the motor� Therefore� in

practice we anticipate not the same response as in the simulation�



CHAPTER �� ANALYSIS AND SIMULATION ��

0.5

0.6

0.7

0.8

0.9

0 2 4 6

Hopping Height

q.
z 

(m
)

Time(sec)

-2

-1

0

1

2

0 2 4 6

Vert. Velocity

qd
.z

(m
/s

)

Time(sec)

-5

0

5

10

15x10-3

0 2 4 6

Actuator Length

q.
y(

m
)

Time(sec)

-0.2

-0.1

0

0.1

0.2

0.3

0 2 4 6

Actuator Velocity

qd
.y

 (
m

)

Time(sec)

Figure ��
�� Actuator velocity control	 State variables

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85

Phase Plot

V
e

lo
ci

ty

Position

66

67

68

69

70

71

72

73

0 1 2 3 4 5 6

Total Energy

ls
.e

n
e

rg
y 

(J
)

Time(sec)

Figure ��
�� Actuator velocity control	 Phase plot and total energy



CHAPTER �� ANALYSIS AND SIMULATION ��

��� Planar Passive Dynamics

In this chapter we review the passive dynamics modelling of planar robot given by Thompson

and Raibert ����� This modelling is used to simulate the planar passive robot and to derive

one active controller for it� It seems necessary to bring the important part of modelling here�

since it help us to understand the physics of running robot�

Running is a motion that combines a vertical oscillation of the body with a fore�aft oscilla�

tion of the legs� In passive dynamic approach we study how stored elastic energy can be used

to generate vertical and angular motion of the body� without requiring a large expenditure

of energy on each step� We introduce the de�nition of stance and �ight phase for running�

Stance phase represents the time interval� which the leg contacts the ground� while during

�ight phase� the leg has no contact with the ground�

The body can bounce on springy legs during stance phase� storing a portion of the kinetic

energy� and releasing it later to help power the next step� In the same way if hip joint is also

springy� the same result will be gained in fore�aft oscillation of each leg� The goal is to avoid

loosing the kinetic energy of the legs each time they reverse their fore�aft sweeping motion�

This approach is appealing because it o�ers energetically e�cient locomotion of the body

and contributes to simpli�ed control� The legs can be made into harmonic oscillation by

introducing torsional springs at the hip joints� The resulting leg oscillation move the foot

backward with respect to the hip during stance phase� and forward in preparation for the

next step during �ight phase�

The objective of passive dynamic study is to see if it is possible to design a mechanical sys�

tem such that its unactuated motion is close to the desired one� Depending on which model

we are using� we can accomplish the following steps to design a passive dynamic system�

a� Manipulating the running trajectory by tuning the natural frequency of the vertical bounc�

ing motion to be a speci�c fraction of the natural frequency of the leg swinging oscillation�

b� Choosing appropriate initial conditions according to the running speed� by which the

phase plots of the variables repeated on itself� one step after another�

The systems we consider are passive in the way that they are made up of springs� links� and
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Figure ��
�� Planer one�legged model

masses with no actuators� By this study� we don�t claim that a physical legged system can

operate passively for sustained periods of time� A source of energy is needed to make up

for the losses� and to use for control to maintain the reentrant running trajectory� Once the

passive part of the system is understood� it is possible to introduce actuators and control

algorithms that provide energy and control� but we expect that still the system be very

e�cient in energy consumption�

����� Modelling

To study passive dynamic running� the simplest model is a planer one�legged model�which is

shown in Figure ���
��� The model has a body of mass mb� moment of inertia Jb� measured

about hip� and the center of mass lies at the hip� The leg possess a mass ml� moment of

inertia Jl measured from center of mass which lies at hip� The model has two springs� One

torsional spring which acts between leg and body with a sti�ness kh� and a compression

spring acts along the leg axis between the lower part of the leg and the support surface� The

leg spring is mass less� exerts force only during stance phase� and its sti�ness is kl� Moreover�

we suppose that there exist no slip during stance� no impact load at touch down� and no

other energy loss�
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Figure ��
�� Passive trajectory of the robot

������� Operation

Before starting the mathematical analysis it is better to have a physical discussion on how

the hopper works and which motion trajectory is ideal�

The motion begins at the initial point in which we prepare a certain initial condition for the

hopper� Leg and body must have an appropriate angular velocity at initial point where they

are at zero angular position�
� � �� � ��� On the other hand the hopper must be dropped

from an initial height zmax without initial velocity in vertical direction� and with the desired

forward velocity� In fact appropriate initial condition in addition to right mechanical pa�

rameters assures passive dynamic motion of the robot� �In practice reaching to this speci�c

initial conditions is a precise and di�cult task� Now we can follow one step of the robot

motion� which is illustrated in Figure ���
��� At initial point robot is at maximum height

and maximum angular velocity� The hip and the leg springs are both at rest� By starting the

motion� the kinetic energy of the body and the leg �rst stored at the hip spring as an elastic

energy up to the touch down� At touch down the toe remains motionless on the ground�

leg spring stores energy by compression� and the direction of � and 
 will change� The leg

spring compression reduces the vertical velocity and ideally at the zero vertical velocity we

expect zero angles for leg and body� From this point the motion continues in a mirror�shape

trajectory� If at the end of the step all the conditions return to their initial ones the system
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would have a reentrant behavior�

Now the e�ect of choosing initial conditions and appropriate mechanical parameters is more

clear� If the hip spring characteristic period becomes equal to the �ight time and the leg

spring characteristic period becomes equal to stance time this condition would be accom�

plished� We will see in Section ������� that reaching to a fully reentrant behavior is not

possible but the close we are to the passive dynamic condition the less energy is needed to

get the desired reentrant trajectory�

����� Dynamics

Using Newton�Euler approach� the governing equations of motion are�

�mb ! ml�"x � Fx ������

�mb ! ml�"z � Fz � �mb ! ml�g ������

Jb "
 � kh�� � 
� ������

Jl"� � kh�
� �� ������

where during stance phase�

F � kl�r� � r� ������

Fx � �F sin��� ������

Fz � F cos��� ������

and during �ight phase�

F � Fx � Fy � � ����
�

A variable�step Runge�Kutta routine was used to integrate the equations of motion�

For each simulation� we chose initial conditions and adjusted parameters to get the desired

reentrant behavior� Now we want to derive explicitly the relation among the mechanical

parameters� the initial conditions� and the desired motion trajectory�
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Figure ��
�� Ground forces during stance phase

������� Vertical Bouncing

During �ight� the center of mass of the system travels along a parabolic trajectory deter�

mined by the vertical position and velocity at lift o��

z�t� � zl� !  zl�t� gt�

�
������

where zl��  zl� are the vertical position and velocity of the body at lift o�� and g is the

acceleration of gravity� The peak altitude and duration of the �ight phase are�

zmax �
 z�l�
�g

������

Tf �

s
�zmax

g
�

�  zl�
g

������

During stance the vertical motion is harmonic rebound determined by the system mass

bouncing on the leg spring� The natural frequency of this rebound and stance phase period

are�

�l �

s
kl

mb ! ml

������

Ts �
�

�l
������

the exact Ts is slightly di�erent �
���

Ts �
��� � arctan�j  zl�j  �l	g��

�l
������

but Equation ������ gives reasonable results when vertical velocity at touch down is large

compared to g	�l �����
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������� Hip Oscillation

The natural frequency and the characteristic period of the hip oscillation are�

�h �

vuut kh
Jeff

������

Th �
��

�h
������

where the e�ective inertia Jeff is de�ned as

Jeff �
JbJl

Jb ! Jl
������

Equation ������ and Equation ������ give simple harmonic oscillation for � and 
� So we can

easily �nd the displacement of the foot from the hip which is �

xfh � r sin���t�� ����
�

where

��t� �
 ��
�h

sin��ht� ������

and r is the leg length� and we assumed that hip spring is at rest when � � 
 � ��

������� Choosing Parameters for Passive Dynamic Running

Figure ���
�� shows a foot motion produced by a harmonic hip oscillation that was tuned

to approximate the foot motion used in ideal speed travel� The approximation is based on

the linearity of the sin function for small values of its argument� The basic approach to �nd

passive reentrant trajectories is based on this fact that harmonic hip motion can generate

foot motion which closely approximates the foot motion found in ideal forward travel�

Now we want to discuss how to choose system parameters and initial conditions to �nd

reentrant trajectories for the model �

a� Assume �xed values for mb�ml� Jb� Jl� and nominal leg length r��

b� Given a desired running speed  xd and step period Tstep and the fraction of stance time

to step time ��

c� We choose spring constants kh� kl and initial conditions  ���  
�� zmax�
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Figure ��
�� Harmonic oscillation of the hip

������� Spring Constants

The sti�ness of the hip is chosen so the hip undergoes one complete oscillation during one

complete step�

�h �
��

Tstep
�

�
kh
Jeff

� �

�

�� kh �

�
��

Tstep

��

Jeff ������

The sti�ness of the leg spring is chosen to establish the duration of the stance phase as a

fraction of the step time� We de�ne � as�

� �
Ts
Tstep

�
�h
��l

������

Small values for � ensures that stance phase occur during linear portion of the foot fore�aft

travel� but result in larger leg peak forces and longer �ight duration� Also as we will see later

this parameter plays an important role in the stability of the system� If � is big the forces

exerted to the system act in a longer time and disturb the system earlier� On the other hand�

only during stance phase we can add control forces to stabilize the system� We experimented

the values ��
�� to ���� which are good compromises� Given the natural frequency of the

hip and the value of �� kl is�

kl � m

�
�

�Tstep

��

������

Since we don�t have an exact expression for Ts� and it also changes slightly in each step�

Equation ������ gives an approximate value for �� The desired value is obtained by adjusting

kl iteratively on a series of trials�
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Figure ��
�� Passive dynamic running simulation of planner one�legged hopper for running
speed 
m�s

������� Initial Conditions

The simulation begins by dropping the hopper from a speci�ed height� Therefore� the initial

state of the system is equivalent to the state at mid �ight� The angular leg rate  �� is chosen

so that the backward foot velocity at mid stance is matched to the desired forward speed�

namely

 �� �
 xd
r

������

To maintain zero angular momentum during �ight phase� we should have

 


Jl
� �

 �

Jd
��  
� � �Jl

Jb
 �� ������

The initial altitude that provides the correct �ight duration Tstep�
� �� is�

zmax �
g

�
T �
f ! r� cos

�
 ��
�h

sin
�
�hTf

�

��
������

Examining Equation ������ to Equation ������ we see that three independent parameters

are required to specify the passive dynamic running motion which are� Tstep� �� and  xd�
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Figure ��
�� Passive dynamic running simulation of planner one�legged hopper for running
speed �m�s

����� Simulation

A variable�step Runge�Kutta routine in Matlab was used to integrate the equation of motion�

To verify the results� we �rst run the program with Thompson and Raibert data ����� The

results were identical� therefore� we tried our desired data of one�legged robot which is shown

in Table ������ In the simulation in addition to mass and dimension parameters three key

parameters ��� Tstep� and  xd� are given and the other parameters will be calculated from

passive dynamic formulation� The result of simulation for two running speeds � and � m�s

are given in Figure ���
�� and Figure ���
��� In Figure ���
��� the hopping height becomes

unstable� This will occur in almost all cases when the running speed is � m�s� and implies

that the system have not a complete reentrant behavior� This e�ect is shown more clearly

in Figure ������� where the pitch angle of the body is plotted versus hopping height� This

�gure shows a gradual drift in phase trajectory� If the system were stable� it should remain

in a certain limit cycle� A complete implementation of passive dynamic running would

include a control mechanism to stabilize the oscillation and eliminate this sort of drifts�

This simulation is written for design purposes� thus� the e�ect of each parameter could be

studied on the trajectory and stability� It is veri�ed that the ratio of body moment inertia to



CHAPTER �� ANALYSIS AND SIMULATION ��

Symbol Description Data
g the acceleration of gravity ���
m	s�

mb body mass 
���kg
Jb body moment of inertia ����kgm�

r� leg rest length ����m
ml leg mass ���kg
Jl leg moment of inertia ����kgm�

kh hip torsional spring constant ����Nm	rad
kl leg spring constant �����N	m
Tstep step time ���s
� the ratio of the stance time to the step time ��
��
 xd desired velocity ���� ���
r leg length
Fx horizontal force exerted on C�G�
Fz vertical force exerted on C�G�
 zl� vertical lift o� velocity

Table ���� Parameters of one�legged passive model

leg moment inertia determines the amount of body pitching� A larger body moment inertia

results in smaller body pitch angle� The ratio of body to leg mass also determines the

amount of variation of vertical and forward velocities� The higher this ratio is� the smaller

the variation of  x and  z are� but it results to a larger ground forces during stance�

����� Active Stability
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As it was shown in Figure ���
�� and Figure ������ the passive system alone is not enough to

gain a reentrant behavior� and it is necessary to �nd a practical control algorithm to reduce

the e�ect of disturbances� We can add energy to the system at hip joint and at the leg� We

propose a new stabilizing control algorithm for this system� It controls forward velocity by

regulating the ground force� We introduce a control force Fc which is proportional to the

forward velocity error� This force acts only during the stance time and will be added to the

ground forces ideally by means of a linear actuator which exerts Fc on the leg spring� Thus

we have�

Fc � Kc�  xd �  x�t�� ������

X
F � F � Fc � kl�r� � r�� Fc ������

Equation ������ is now used instead of Equation ������� We chose the amount of controller

gain Kc� so that the maximum of controller force will be less than one tenth of maximum

ground force� For this criteria Kc will be less than 
����m	Ns�� The results of simulation for

the case of forward velocity �m	s is given in Figure ����
� and Figure ������� Now we gain a

complete reentrant behavior� The following explanation should be mentioned to understand

why forward velocity error is related to the stability� During the stance phase the ground

forces acting on the system cause to the system forward and vertical velocity and also the

swinging motion of the hip and the leg deviate from the desired values� These motion are

coupled together by the nature of the passive system� Therefore it is not surprising that we

can tune the vertical motion by the forward velocity error�

In this case we neglect all the losses and this control mechanism was designed just to control

the stability� Therefore� in practice we should design a more complete control mechanism to

gain the losses and ensure stability� There is a complete model for planar dynamics given in

Appendix A�
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Design

Human muscle has a maximum power density of about 
��W�kg �for a comparison of hu�

man muscle with other contractive materials see ����� which is readily achievable with today�s

$fractional horsepower% electric motors� These can attain peak power�mass ratio�s of up to


kW�kg �
�& The reason is that muscles are $direct drive% actuators ' they develop their

maximum force at the low speeds needed to drive the biological joints directly� Small motors�

with a mass of about 
kg� on the other hand� are severely torque limited� and the peak power

is achieved only at high speeds ������
����� RPM�� Peak torque�mass ratios of �Nm�kg are

only reached by large direct drive motors whose intricate geometry �at present� cannot be

scaled down to small motors ���� This calls for a speed reducer �gear� in order to match the

high torque'low velocity requirements of biological�robotic joint motion to the available low

torque'high velocity of small motors�

This has two main consequences� First� virtually all large gear reducing mechanisms in�

troduce additional dynamics which cannot be ignored� A signi�cant fraction of the motor

power can be consumed for merely driving the gear masses� Second� most high gear ratio

mechanisms introduce signi�cant loss of driving torque� up to �
# for a high quality three

stage planetary gear head for a gear ratio range of �� to ��� �
�� This precludes the use of

fractional horsepower motors as direct drive force controlled actuators in legged robots in an

analogous fashion to muscles� In addition� we need to convert the rotary motion of the motor

��
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into linear motion suitable for our prismatic leg �Figure ������� The only practical transmis�

sion that provides us both with linear motion and high e�ciency ���#� is a ball screw� The

design challenge then is to select a motor� lead screw pitch �lead�� and spring constant such

that the energy added during hopping is maximized� In other words� we want to achieve

a motor torque�speed curve during operation as close as possible to allowable boundaries�

Preliminary simulations pointed out that the main design challenge was to maximize the

energy added during the short stance phase� In our case� the complete motor ' ball screw '

spring system must be optimized to this e�ect at some nominal operating point� Unfortu�

nately� there are many practical considerations� which stand in the way of formulating and

solving a standard optimization problem� For example� the stance time can be increased

by lowering the spring constant� However� this increases the actuator travel during stance�

This in turn requires a longer ball screw �only available at discrete lengths�� which increases

its moment of inertia �subject to catalog tables�� which actually limits the energy added� In

addition there is only a �nite number of choices for suitable motors and ball screw lengths

and leads� This results in a highly nonlinear and complex optimization problem� To simplify

this task� we also discretized the number of available spring constants� and performed an

exhaustive computer search� With the main components selected� the remainder of the leg

is kept light and simple� as shown in Figure ������ The leg design is based on the analytical

analysis made on the planar and vertical hopper� Like Raibert�s �rst hopper� we designed

the leg consisting of a prismatic leg connected to a body via a revolute joint� For vertical

hopping experiments� we have not connected the body via the hip� and blocked the swinging

motion of the leg� The design challenge for the leg is then to compromise the weight and

the strength� On the other hand the simplicity of the design is of great importance� for the

disassembling and assembling should be easy and fast�

��� Actuator Design

The muscle system consist of three major parts� Motor� ball screw transmission� and spring�

There are di�erent range of DC servo motor applicable for robotic application� moreover�
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Motor Type Stall Torque �Nm� Energy Added �J�
Maxon 
�� WEC ����� 
��
Maxon 
�� EC ����� 
��
Maxon �� ����� 
���
Pittman 
���� ����� 
���

Table ��
� Simulation comparison of di�erent motors� regarding k���� r��

the standard ball screw transmission have di�erent categories� In this section we want to

elaborate the method we chose suitable standard motor and ball screw for our application�

The most important characteristic that they should posses for this type of application is

high power to weight ratio� Regarding the availability in short period and the cost� there

are four kind of DC motor assigned for the veri�cation test� Ball screws are categorized with

their leads� and springs are determined with their sti�ness� There is a simulation written in

Matlab to calculate the maximum energy added to the system during �rst stance phase of

vertical hopper model discussed in Section ���
�� In this simulation we suppose the motors

work on their maximum power� i�e� they are working on the maximum permissible speed

torque curve� For several leads and springs a search is done to �nd the maximum energy

added to the system� Table ���
� express the �nal results of the simulation� Two kind of

motors namely Maxon �� and Pittman 
���� show a similar characteristics with respect to

the energy and power during stance phase� where among them Maxon �� was chosen �
��

One of the insights in this comparison is that the component selection is far form intuitive�

since the robot ' actuator is a fourth order dynamical system� For example� a higher power

�
��W�� lower weight ���� kg� brush less motor �Maxon 
�� EC� fared far worse due to the

smaller torque at low speed� the velocities where high power is available are never attained

during the short stance time� This comparison shows that the motors with high stall torque

are preferable� even if their nominal power is not high�

Again we used the same simulation for optimum ball screw lead� The available ball screws

have a nominal lead of �������� and 
� and up ����� By increasing the lead we are tuning two

aspects� The gear ratio is increasing� therefore� the motor works in lower speed� thus lower

motor torque is available� On the other hand the spring stroke increases as the lead is larger�
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therefore� the spring force increases and the power increases� Figures ��
� ����and ��� are

the simulation results for ball screws with lead ���� and 
� millimeters� and spring sti�ness


� KN�m� Considering added energy plots� and power output� the ball screw with lead �

millimeters gives the best result� We reach to the similar results for di�erent spring sti�ness�

therefore� Maxon �� watt motor and balls�screw with lead � is chosen for the muscle system�

We chose standard NSK ball screw with lead �mm�rev and its standard support� Since the

moving nut is in touch with the spring� we could have only one end support for ball screw�

which make the buckling of the ball screw of great importance� In the design of the ball

screw and support the impact loading is considered in addition to the buckling problem �����

The other feature of design was safety consideration� In the case of hardware or software

crash we should have some safety stop for the system� This feature is accomplished for the

ball screw by putting two mechanical stops at the both end of the stroke� The stroke of the

ball screw is set to �� millimeters based on the simulation result�

The spring sti�ness is the last parameter to be veri�ed� Refer to Sections ��� and ��
 we

know that the spring constant is important since it change the stance time and frequency

of oscillation� Especially stance time is important since it is the time for injecting energy to

the system� On the other hand at this time the disturbance forces act to the system and for

planar hopper it makes trouble for long term stability� A good compromise is found by the

simulation results given in Sections ��� and ��
� After doing the detail design and getting

better estimates of weights and dimensions we tried that simulation again to �nd a suitable

value for spring constant� A �� KN�m spring for planar hopper� and a 
� KN�m spring for

vertical hopper are the suitable springs� Therefore� we decided to design two springs with

these constants and the same overall dimensions for the hopper�

��� Spring Design

The standard high duty springs ��� with our prescribed sti�ness have long length� and buck�

ling problem ���� Therefore� we decided to design our own springs� The shear stress in a
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round�wire helical compression spring� loaded by the static axial force F is �����

� � Ks

�FD

�d�
���
�

where d is the wire diameter and D is the mean spring diameter and Ks is a shear�stress

concentration factor given�

Ks �
�C ! 


�C
� C �

D

d
�����

The spring rate k is given by�

k �
d�G

�D�N
�����

where N is the number of active coils and G is module of rigidity of the spring material�

For fatigue load with maximum and minimum loading Fmax and Fmin� we de�ne the force

amplitude and the force mean value as�

Fa �
Fmax � Fmin

�
� Fm �

Fmax ! Fmin

�
�����

Then the shear stress amplitude and the shear stress mean value would be

�a � KB

�FaD

�d�
� �m � Ks

�FmD

�d�
�����

where KB is Bergstr"asser factor which is de�ned as

KB �
�C ! �

�C � �
�����

The tensile strength of spring materials is obtained from �����

Sut �
A

dm
�����

where the parameters A and m is given in Table ����� for di�erent spring materials� The

maximum allowable torsional stress �all is about one half of the tensile strength ����� Some

other parameters of squared and ground compression spring is obtained by�

End Coils � Ne � �

Total coils � Nt � N ! �

Free length � L� � pN ! �d

Solid length � Ls � dNt

Pitch � p � �L� � �d�	N
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Material ASTM No� m A� kpsi
Music wire A��� ��
�� 
��
Oil�tempered wire A��� ��
�� 
��
Hard�drawn wire A��� ����
 
��
Chrome vanadium A��� ��
�� 
��
Chrome silicon A��
 ����
 �
�

Table ���� Spring materials tensile strength

Our design requirement are�

Spring constant � k � 
� � �� KN	m

Outer diameter � Do � �� mm

Solid length � Ls � ��� mm

Minimum stroke � Smin � 
�� mm

With the wires available we made some trial to �nd the �nal shape of the spring we discuss

the design of one spring here and the �nal design of the other� will be given in Table �����

For k � 
� we tried music wire material with diameter ���
���� therefore�

d � ���
��� � ���� mm

Do � �� � D � Do � d � ����� mm

N � ����� � N � 
�

Nt � 
� � p � ���� mm

Ls � ����� � S � 
���� � Smin

The dimension analysis of the spring is complete� now consider stress analysis�

Sut � 
��� MPa � �all � ��
��� MPa �Equation������

C � ��� � Ks � 
��� � KB � 
�
�

Allowable static force � 

�� N �Equation���
��

Allowable fatigue force � 
��� N �Equation������

Allowable Stroke � 
�� mm � Smin
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The allowable stroke is 
�� mm� which is more than what we required� Therefore� our

dimension design is acceptable� The �nal design for our two springs are summarized in Ta�

ble ������

Certainly� we don�t reach to the exact values given in Table ����� due to the manufacturing

tolerances� To feel how far we are in practice we tested the �� KN�m spring� with a ETS

Sti�ness KN�m 
� ��
Material Music wire Chrome vanadium
Wire diameter mm ���� ����
Outer Diameter mm �� ��
Free length mm ��� ���
Total Stroke mm 
���� 

�
Safe Stroke mm 
�� 

�
pitch mm ���� 
���
weight gr �
� ���
Energy�weight J�kg 
�� ���

Table ���� Final spring design parameters



CHAPTER �� DESIGN ��

compression machine� The �nal Spring rate obtained from the test was ���� KN�m� Figure

����� shows the test results� which is only #� o�� The stress analysis shows that we could

reach to the solid height of the spring without getting any plastic deformation� By trying to

reach to the solid height several times in the test� this claim was con�rmed�

��� Leg Design

The design of the leg was recast to the design of upper leg� lower leg� and toe� The upper

leg is the base containing ball screw� spring� measurement units� and the mechanical stops�

Besides� we use that for preventing ball nut from rotation �Figure ������� The lower leg

design was tricky since it should be very light to minimize the impact losses� The spring

force can be measured by a miniature load cell mounted on the top of the lower leg and

the prismatic motion is produced by using �ve point contact Delrin rings between the lower

and the upper legs� The toe is subject to the impact load and could be used to place the

ground force measuring units� In our design we simply used a high compliance material

as the toe� but some parallel project are working on the design of measurement units that

will be assembled in the toe later� A Cartesian planariser is designed to keep the robot in

a plane� There are two couples of ball bushings assembled on two couple of perpendicular

shafts to get a planar motion� The alignment of the shafts and ball bushings are important

to reduce the amount of rolling friction ����

There are four sensor used in the hopper to measure the important states� Optical encoders

are measuring the motor rotation angle directly� and the hopping height via a pulley and

rope designed in the planariser� Spring force is measured by a miniature load cell� which

is placed between the spring and lower leg� and a linear potentiometer measures the leg

compression during stance �Figure �������
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Figure ���� The 
nal leg drawing �left� and the picture of McGill Hopper �right�



Chapter �

Experiment

��� Hardware

In this chapter we will discuss the structure of the hardware� and the software of the system�

In practice we have a mechanical hardware� the hopper� which has its dynamical character�

istics� Some important states of the system should be measured for control purpose� The

sensors data should be collected� �ltered� analysed� and stored� On the other hand the

control command should be fed to the servo ampli�er for the motor control� This calls for

an I�O board� and a software to manage and control the process� The overall structure of

the system hardware is illustrated in Figure ���
�� The mechanical hardware� the hopper�

interacts with measurement units and servo ampli�er� In fact the input of the the hopper is

the servo ampli�er current� and the output of the mechanical hardware is the state signals

that are measured by digital and analog sensors� The optical encoders which measure the

motor rotation angle and hopping height are the digital parts� and the linear potentiometer

and the load cell which measure the leg length and spring force are the analog parts of the

measurement unit� The servo ampli�er obtains a control command from the I�O board in

the form of a voltage� and send the ampli�ed current signal to the DC motor� The I�O board

consist of A�D and D�A converters� some data acquisition and memory chips� There is a

watch�dog timer mounted on the I�O board which controls the sampling time sequences� If

��
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Figure ��
� Block diagram of the system hardware

there is any computer failure� this part terminates the execution of the compiled code� It

seems that I�O board can directly connected to the computer� however� we are using a Sun

work station� and for the interactive communication� a transputer is needed to control the

real time interaction� The transputer we have used has �� MHz clock frequency CPU� In

overall the memory capacity and speed of it is quite adequate for this kind of application �
���

The compiled C code will be down loaded onto the booted transputer in each experiment�

The real time interaction of mechanical hardware� measurement unit� servo ampli�er� I�O

board� and the transputer is controlled by this code� Moreover� the required data will be

stored in the transputer memories� After experiment termination� the stored data will be

transmitted through the computer� for further analysis�

��� Software

Now that the components of the hardware were explained� we can have an overlook of the

software� which is written compatible with the hardware� The software has one main process�

which consists of reading the data from the I�O board� processing� and calibrating them and

sending them to the controller or calculation parts� In the controller parts� from the received

data the control command is produced and sent to the I�O board� The output command

is a digital signal� This signal is converted to the voltage command through a digital to
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analog converter unit available in the I�O board� The calculation part consist of calculating

the non measured states or function which are required to be stored� Moreover� the format

of recording data� and the number of the recorded data is speci�ed in this section� The

calculation part also covers the time producing part� The real time of the operation is

produced through converting the clock ticks of the transputer CPU to seconds� Sometimes

the derivative of a data is required� This derivative can be derived using the ratio of the

�nite di�erence of two steps over the step time� This is not an ideal way to di�erentiate the

measurement signals since it ampli�es noise� A �lter algorithm is considered for this respect�

Assigning a �lter gain G� we use two inputs for deriving the derivative� The �nite di�erence�

and the last step derivative� Suppose you want to derive the velocity signal v knowing the

measured signal x� We assign weights to the two parts of the derivative algorithm� by setting

a �lter gain G smaller than one and with this formulation�

vn � �G�vn�� ! �
 �G�
xn � xn��

dt
���
�

If the �lter gain G � �� then the total weight is given to the �nite di�erence part� and if

G � 
 this part has zero weighting� This algorithm is successful to clean up the noises� but

the accuracy of the velocity will be compromised� In the cases where the velocity is used in

the control it�s more precise to set �lter gain near zero� The data calibration and process unit

handles eight A�D channels� one D�A� and two optical encoders� The controller has di�erent
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subroutines which will be explained in the proceeding section� and the calculation and record�

ing part consist of calculating velocities and energies� and recording di�erent states and data�

��� DC Motor Control

DC motor position control is a well�studied problem in the control theory� In most of the text

books you can �nd several method of expressing position and velocity control for DC motors�

In this section we want to brush up the classical theory and its limitation in experiments�

Then we give a combined theory and experimental solution to the problem� Before starting

the analysis we turn an account to the importance of this result to the hopper control� We

develop several control ideas for injecting energy during stance� However� we didn�t explain

how the ball�screw will be back driven during �ight� This subject is more important in the

small hopping height where the �ight phase is short� If the ball�screw back drive did not get

complete it has a great in�uence in the stance phase energy injection� This study help us to

establish the ball�screw back drive control law�

The Control of the DC motor then could be formulated as a position control where the

ampli�er current i is the input to the plant P and the out put of the system � should regulate

to the set point �d� This could be accomplished via several algorithms� We tried a PD

feedback control for this concern� Figure ����� illustrates the block diagram representation
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for the problem� The objective of this analysis is to �nd the PD feedback gains� to give a

desired damping ratio and settling time to the closed loop system�

The plant transfer function could be easily found from the nature of the system� If there is

no output torque�

"� �
km
Je

i �����

where Je is the e�ective moment of inertia acting on the motor and km is the motor constant�

Therefore� the plant transfer function is�

P �
A

s�
� A �

km
Je

�����

The PD controller transfer function is simply�

C � kds ! kp �����

where kd and kp are the controller gains� The closed loop transfer function will be�

�

�d
�

CP


 !CP
�

A�kds ! kP �

s� ! Akds ! Akp
�����

This is a standard second order system� which can be rewritten in the form of�

�

�d
�

���ns ! ��
n

s� ! ���ns ! ��
n

�����

where

�n �
q
Akp � � �




�

s
A

kp
kd �����

For � � 
 the unit step response will be�

��t� � 
 !

p


� ��
e���ntfcos��dt ! 
�g �����

where

�d � �n
q


 � �� � 
 � tan�� �p

� ��

�����

The settling time ts is de�ned as the time where the step response reach #�� set point� It

can be easily veri�ed from Equation ����� that settling time can be expressed in the form of�

ts � � 


��n
ln�����

q

� ��� ���
��
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Now the formulation is complete and by setting a desired damping ratio � and settling time

ts we can �nd the controller gains kp and kd� To summarize� Equation ���
�� can be written

as�

�n �
�

�ts
� 


��ts
ln�
 � ��� ���

�

and kp and kd could be assigned by�

kp �
��
n

A
� kd �

��
q
kpp
A

���
��

where A is given in Equation ������ There is a simulation written in Matlab� to �nd the

step response of the system with the desired values of damping ratio � and settling time ts

as input and controller gain calculated from Equation ���

� and Equation ���
��� These

values of gain is given into the real controller for comparison� For � � ����� and ts � ��


the resultant gains will be�

kp � ����
�� � kd � ������ ���
��

Figure ����� illustrates the di�erence of the simulation and the experiment results� In

the experiment we observe some oscillation around the set point which is not expected by

the simulation� This is not surprising� since in the theory there was no limitation on the
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current� However� in practice the ampli�er has maximum current limitation� The oscillation

of the experiment response is due to the high current output of the controller� which is never

achieved because of the ampli�er limits� Instead we have jumping from positive current

bound to negative current bound� which cause the oscillation of the motor shaft�

By tuning the controller gains we observed that this phenomena is more dependent on the

kp� Therefore� we considered another strategy to calculate controller gains and avoid this

instability of the response�

In the new strategy we calculate the ratio of the controller gains due to the settling time and

damping requirements� then we �nd the optimum � where kp becomes minimum and then

by adjusting kp we can �nd the maximum bounds of controller gains by experiment� From

Equation ���
�� we can conclude�

kp
kd

�
�

���ts
� 


���ts
ln�
� ��� ���
��

on the other hand we get minimum kp

�kp
��

� � ���
��

Since �n � kp� This is equivalent to�

��n
��

�



tS

���

��
!





� ��
!




���
ln�
 � ���

�
� � ���
��

Notice that this condition depends only on �� and by solving it we reach to�

�opt � ��������� ���
��

By setting � � �opt Equation ���
�� simpli�es to�

kp � ����
��
kd
ts

���
��

The upper bound of the gains should obtained by experiment� We found the upper bound

of kd to be ���
 for the motor� It should be mentioned that by bounding controller gains we

are sacri�cing our requirements� which in this case turns out to be the settling time�

This strategy is used with ts � ��
 in practice� Figure ����� illustrates the comparison
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of theory and experiment� In the theory we didn�t consider current limit� however� in the

experiment we bound controller gains to kd � ����
 and kp � ������ The responses are quite

similar� except the settling time� The lose of this requirement is because of controller gain

limits� This strategy is used in a large step response of the system� In this test we want to

check the reliability of this method for di�erent inputs� As it is shown in Figure ����� the

shape of the response is quite similar to that of Figure ������ but the settling time is longer�

We end up this discussion here and used this strategy to derive controller gains for �ight

phase control of the hopper� This analysis could be continued for di�erent control methods�

��� Hopping Experiments

In this section we give the result of the experiment for three cases� Passive hopping� open

loop torque control� and modi�ed torque control�

����� Passive Hopping

Let us �rst examine Passive hopping� This experiment is valuable� because we can under�

stand the physics of the hopper� and estimate the unknown parameters in the simulations�

On the other hand it is a good test to check the data acquisition units� and the software�

Figure ����� illustrates the result of the passive hopping experiment� The system loses its

energy very fast and after 
�� second it becomes stationary� Comparing this result to the

result of simulation� we notice that the simulation parameters are not assigned correctly� In

fact the friction losses are much more than we expected� This results helps us to estimate

the unknown variables in the simulation and to verify the simulation results� This will be

done in Section ������ The other thing which is also important� is the amount of energy loss

during stance and �ight� These energy loss is almost four Joules for both �rst stance phase�

and �rst �ight phase� This result is also surprising� since we had some sliding motion in

the stance phase� and we expected to have most energy losses during stance� However� the

experiment shows that the �ight friction which is due to the planariser system �the system
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Figure ���� Hopping height� total energy� and stance energy of Passive Hopper

which keeps the hopper in the plane� has the same order of importance� In fact the longer

�ight time� magni�es the �ight phase energy losses� It should be considered that the glitches

observed in the energy plot is due to a electronic problem of I�O board� which is under study�

����� Open Loop Torque Control

To examine our motor power to the unexpected losses� we tried a simple control algorithm�

By giving the maximum permissible current to the motor during the stance phase� we expect
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torque control

to gain almost maximum power of the motor� During �ight we use the PD control explained

in Section ����� to drive the ball screw back to its initial position� Figure ����� illustrates

the experiment results� Hopping time becomes almost twice but still we didn�t reach to the

reentrant trajectory� The PD control during �ight is successful for the few �rst steps� and

by decreasing the �ight time it can not back drive the ball screw perfectly� This is accept�

able since we require at least �� mm stable hopping height and within this region the PD

control is successful� We claimed that the energy injected to the system is almost maximum�

This could be improved by slightly changing the control law� We know that DC motors are
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severely torque limited� this became worse when there is no time for the motor to reach to

it�s nominal speed� In our case� the stance time is just 
�� ms which is very short for the

motor to reach to its nominal speed� Therefore� the power output of the motor is even less

than one third of the nominal power� We can improve this situation with a modi�ed torque

control law�

����� Modi�ed Torque Control

In this case we are using the maximum torque of the motor� not only during stance phase�

but also for a variable time interval before stance phase� This time interval should be variable

to be robust for di�erent hopping height� By a series of trials we set the starting instance of

control law be the instance where the hopper has #�� of its maximum hopping height� In

the �rst hopping cycles this time intervals are relatively long� but in the last hopping cycles

it becomes short� The e�ect of this modi�cation to the system is that the motor reaches

to higher velocity� and therefore� we gain higher power during stance phase� On the other

hand� by this modi�cation� the spring compression get more and it has two disadvantages�

First the stance time get shorter� and second there will be more amount of stored energy

in the spring at the lift o�� Since the leg length is constant in our design� this amount of

energy will be lost after lift o��

Figure ����� illustrates the result of this case� By comparison to Figure ����� we observe that

the hopping duration changes slightly� On the other hand the added energy during stance

has increased about two Joules� However� this approach is also not complete to bring this

situation to reentrant hopping�
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torque control

��� Simulation Veri	cation

In Section ����� we observed that the simulation assigned parameters� which are basically

the friction forces� are underestimated� and this cause the di�erence between the simulation

results obtained in Section ���
� and the experimental results in Section ������ This calls the

purpose of this section� which is to verify the unknown parameters in the simulation by the

use of experimental results and to compare the simulation and experiment� This approach

help us to state two important result� First� to verify that how the simpli�ed model can

forecast the real physics of the system� and second to use the simulation for further design

modi�cation� This parameter identi�cation can be improved to a more formal identi�cation
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�� Comparison of simulation and experiment	 Passive hopping

process� which could be pursued online concurrently with the robot controller improvement�

In the parameter identi�cation we divide the discussion into two parts� Passive hopping will

be �rst studied to gain the friction forces during stance and �ight� and actuated hopping will

be studied to estimate the motor realistic characteristic during stance time� In each part we

focus our attention to overall matching of total energy� and hopping height� Moreover� we

will study more precisely the �rst stance phase total energy� hopping height� and hopping

velocity� Unfortunately the resolution of our instrumentation is not high enough to make a

concrete quantitative conclusion is some special cases� however� the qualitative comparison

and the simulation validation can be examined in this study�

����� Passive Hopping

For the passive hopping� we want just to identify the friction forces during stance and

�ight� All the dimension and masses are assigned in the simulation by direct measurement

or manufacturer�s speci�cation data� After some trial we reach to the point that viscous
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� Simulation and Experiment result during the 
rst stance	 Passive hopping

friction can be neglected� and the dry friction forces in the stance and �ight phase are�

Ffr � �� N � Ffr�p � 
� N ���
��

Since the stance friction is the total friction due to the sliding parts and planariser during

stance� the sliding part friction will be 
� N which is in the same order of planariser fric�

tion force� This amount of friction is three times more than that we expected before the

experiment� and this is the main reason why the reentrant trajectory is not achievable� In

the design of the planariser� two ball bushings and two shafts is considered� which should

be parallel� The reason of the friction there could be the misalignment of the shafts or the

moment exerted by the hopper on the ball bushings� The friction can be reduced by precise

alignment of the shaft�

Figure ���
�� illustrates the overall comparison of the total energy and hopping height� In

this scale the results are very compatible� Figure ���

� shows the result of simulation and

experiment for the �rst stance phase� Quantitative behaviour of the results are quite sim�

ilar� but� because of the non su�cient instrumentation resolution� especially the derivative

of the measured states� we can not give a concrete qualitative comparison between the results�
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����� Actuated Hopping

Now that the friction forces are identi�ed we want to compare the open loop torque control

law of the simulation to the real experiment� For this case the result of Section ������� is

considered for comparison� The only parameters that could be adjusted are the ball nut

mass and the constant torque input for the control law� since they are not measurable� We

know that the spring is not mass less and a portion of its mass should be added to the

ball�nut weight which is ��� gr� On the other hand since the motor is accelerating from rest

during the stance phase the stall torque of the motor is not achievable in low speeds� By

some trials we found that these amount are suitable for our case�

� � ���� N�m � ms � ��� gr ������

Figure ���
�� illustrates the overall comparison of the simulation and experiment results for

this case� Again we observe a very nice compatibility between the result� Notice the way we

are loosing energy during the �ight phase� which is similar in the experiment and simulation�
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Since the �ight period is more than stance period the friction forces during the �ight will be

more important to reduce than the stance friction forces� The hopping height in this case

is even better matched to the simulation than the passive case� Figure ���
�� illustrates the

comparison in the �rst stance time� If we regard a smooth curve for the experiment then

the shape of the total energy during the stance were very close to the simulation�

This results veri�es that the simpli�ed model used in the simulation is good enough to analyse

the system and predict its trajectory� For the modi�ed torque control law implemented in

the experiment� namely Section �������� the amount of the motor torque increases to 


N�m which is better compared to Equation ������� This con�rms again the validity of the

simpli�ed model�

��
 Design Modi	cation

Refer to the experimental result given in Section ������ we concluded that it is necessary

to reduce the friction� to achieve a stable limit cycle and reentrant behaviour� Also we

observed that the friction losses during �ight phase are unexceptionally high and of the same
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�� Stable hopping experiment� starting from small hopping height
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importance of the stance phase friction� My fellow graduate student� Pedro Grigorio� who

took over the project� was able to reduce the amount of friction by a series of modi�cation

in design� The problem was caused mainly by excessive energy dissipation in a pulley

arrangement for the vertical height sensor� The alignment of the ball bushing shafts� paying

attention to the roundness of the lower leg tube� and some electronic debugging of the I�O

board were the other modi�cation done on the system�

We bring some of the successful experimental results here� In this experiments� open loop

torque control is used in the stance phase� and PD control is used in the �ight phase�

Figure ���
�� shows the stable hopping experiment for the robot� Hopper starts at the larger

hopping height and stabilized itself at the desired hopping height� To examine the power of

the motor and the control law� we started the hopping at a very small hopping height� Figure

���
�� shows how the hopper gain its desired hopping height� This experiments shows how

the simple control algorithm can stabilize the system� and motivates the implementation of

other purposed control strategies� This is the current research on the hopper�
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Conclusion and Future Work

��� Conclusion

There is a theoretical�practical research done on the one�legged hopping robot� The theo�

retical part is divided into the modelling and simulation of vertical hopper model including

actuator dynamics� and one�legged passive hopping model� Moreover� di�erent controllers

presented and examined in simulation for the vertical hopper� For the experimental part

the �rst step was the design and construction of the hopper� which was based on the results

obtained from di�erent simulations� The development of computer control hardware was

done regarding the nature of the application� Di�erent measurement units� data acquisition�

input output board� and memory units accompanying the transputer and a Sun work station

were assembled for the experiment� In the experimental part� the computer control of a DC

motor was studied and the necessary modi�cation to the theoretical results� were developed�

Then hopping experiments were studied� with a simple open loop torque control law during

stance phase� and a PD control law during �ight� By improving the control law maximum

possible motor power during the short stance time was gained�

There are some di�erences between the theoretical and experimental results� Gaining reen�

trant hopping trajectory for the hopper was not possible in the experiment� although we

achieved it in the simulation� This motivated for the simulation veri�cation� and parameter

��
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identi�cation� which was done by two steps� The unknown parameter of the system� which

were friction forces� were identi�ed from passive hopping experiment� and the power charac�

teristics of the motor was identi�ed by actuated experiments�

The unexpected friction� especially during �ight phase� cause the fast decay of hopping

height of the robot� Even the maximum power injected to the system couldn�t overcome this

amount of losses� This calls some modi�cation in the design�

However� there are some important aspects studied by the experiments�

	The Simulation results are valid for passive and actuated hopping� and this can be used

for further design modi�cation or system analysis� This means that the simpli�cation made

for the simulation was reasonable and the simulation results could closely predict the real

behaviour of the system�

	Regarding the simulation results if we reduce the friction forces to the half of their present

values� the reentrant hopping is guaranteed�

	The validity of the simulation predicts the success in the di�erent model�based control laws�

Moreover� simulation could be used as a yardstick to compare di�erent control algorithms

more quickly than experiment�

	The complex nature of the system can be analysed by looking through the simulation re�

sults� Di�erent compromises for detail design of the system and further modi�cation can be

studied in this way�

	The design of the leg is examined by almost ��� experiments� and still the leg is in good

condition� Therefore� it could be used with small modi�cation for more�legged robots�

	The software and hardware are ready� and reliable for further hopping experiments�

��� Future Work

To continue this work� which was essentially the starting point of a long term research� the

further suggestion may help the new researchers in this �eld� For starting this subject� some

reference materials especially ��
�� ����� and ���� could be studied� Then Chapter � especially
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Section ���
� will help to understand the main idea of the hopper control� Chapter � will

help the reader to start the experiments faster� For the hopping experiments we suggest the

following items�

	Reducing Friction
This can be done by a precise alignment of the planariser shafts and ball bushings� Moreover�

it could be some mechanism designed to reduce the amount of moment exerted to the ball

bushings� For the �ight phase friction regular lubrication and checking is important�

	DC Motor Control

For �rst hardware experiments we suggest to implement simple DC motor control algorithms

and compare the result with theory �Section ������� In this respect� LQR controller and com�

puter controlled analysis of PID control and LQR control could be studied�

	Hardware and Software Adjustment

Although the hardware and software are working good enough to implement some control

laws� they need some adjustment and modi�cation� There are two main points in this respect

that should be considered� Time synchronisation� and constant time step for the software

should be obtained� and the electronic problem of the encoder readings should be �xed�

	Further Experiments

After overcoming the friction problem two steps could be followed for vertical hopping� Im�

plementing the control algorithms developed in Section ���
�� and developing new control

algorithms and examining them in practice� Moreover� this study could then completed by

designing the trunk actuation system and studying the stability and reentrant behaviour of

the planar hopper toward the model�based controls similar to the vertical hopper�
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Appendix A

General Planar Dynamics

Considering the models given in Chapter �� there are a lot of simpli�cations made to reach

to a compact formulation� This is desired in practice since we want to discover some new

methods for control� However� it seems necessary to have a more complete model and com�

pare its complexity to the previous models� In this section we introduce a planar one�legged

running robot� where the unsprung mass is not neglected� Moreover the center of masses

are not at the hip joint� and the friction force is considered in this case as dry and viscous

frictions� A schematic of the model is illustrates in Figure �A�
�� The system consist of three

masses� Trunk has a mass of mt with an o�set of dx and dz from the hip joint� and a total

moment of inertia Jt around the center of mass� The leg has sprung mass ml and unsprung

mass mu where the latter is considered as a point mass in the toe� The total length of the

leg is �xed� however� the initial preload of spring could be adjusted� The actuator operates

in series with the spring� The total movement of the actuator is represented by p� where

p� is the initial value of it� The actuator and spring act together to lengthen and shorten

the leg� in order to exert forces between the foot and the body� Mechanical stops keeps the

stretched length of leg constant�

Two springs acting on the system� The spring kh� lies at a distance rh from the hip joint�

and store the swinging motion energy� A compression spring connects the actuator to the

unsprung mass� The rest length of spring is s� and its length in the stance phase will shorten

��
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Figure A�
� The general planar running robot model

to s� the leg length at rest is l� and the center of mass of sprung mass lies at distance b from

the toe�

Dynamics

In this case we use Lagrange method to derive the equations of motion� The independent

states during stance are x� z� �� 
 and their derivatives� however� in the �ight they reduce to

l� �� 
 and their derivatives� Therefore� we divide this section into stance and �ight sections�

The approaches are the same� we should derive the linear and angular velocities of the masses

and their elevation from a reference level� Then �nding Lagrangian from L � T�V� where

T�V are kinetic and potential energies of the system� Then using the Lagrange� namely

d

dt

�
�L

�  qj

�
� �L

�qj
� Qj �A�
�

where Qj is the generalized force and is obtained using virtual work method� the state equa�

tions will be obtained�
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Flight Phase

Refer to Figure �A�
� the velocities of three masses are given by�

vt � �  x! �dx sin
 ! dz cos
�  
��i ! �  z ! �dz sin
� dx cos
�  
��k

vl � �  x ! d cos �  ���i ! �  z ! d sin �  ���k

vu � �  x ! l� cos �  ���i! �  z ! l� sin �  ���k

�A���

Therefore total kinetic energy is�

T � �
�
mtf�  x ! �dx sin
 ! dz cos 
�  
�� ! �  z ! �dz sin
� dx cos 
�  
��g!

�
�
�Jt  
� ! Jl  ��� ! �

�
mlf�  x ! d cos �  ��� ! �  z ! d sin �  ���g!

�
�muf�  x ! l� cos �  ��� ! �  z ! l� sin �  ���g

�A���

The potential energy is given by�

V � mtg�z ! dx sin
 ! dz cos 
� ! mlg�z � d cos �� ! mu�z � l� cos �� �A���

Regarding L � T�V� and using Lagrangian� namely Equation �A�
� for four states we

reach to �

m"x ! mt
"
de sin�
 ! �� ! mt

 
�de cos�
 ! ��!

�mld ! mul���cos �"� �  �� sin �� � Ffr�xsign��  x�
�A���

m"z �mt
"
de cos�
 ! �� ! mtde  
� sin�
 ! �� ! �mld ! mul���

�sin �"� !  �� cos �� ! mg � Ffr�zsign��  z�
�A���

�mtd
�
e ! Jt�"
 ! mt�de"x sin�
 ! �� ! de  x  
 cos�
 ! �� � de"z cos�
 ! ��!

de  z  
 sin�
 ! ����mt
 
�  xde cos�
 ! �� !  zde sin�
! ��� ! mtgde cos�
 ! ��!

chrh�  ph � rh�  � �  
�� ! khrh�ph � ph� � rh�� � 
�� � Tfrsign��  
�

�A���

�mld
� ! mul

�
� ! Jl�"� ! �mld ! mul����"x !  z  �� cos � ! �"z �  x  �� sin ��!

�  x sin � �  z cos ���mld ! mul��  � � chrh�  ph � rh�  � �  
��!

mlgd sin � ! mugl� sin � � khrh�ph � ph� � rh�� � 
�� � Tfrsign��  ��

�A���

The �nal state equation are given by the following equations�

"� �
�A�a� ! A�a�
�a�� ! a�a�

�A���
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"
 �
A�a� �A�a�
�a�� ! a�a�

�A�
��

"x � �mt

m
de sin�
 ! ��"
 !

�
mld ! mul�

m

�
cos �"� ! A� �A�

�

"z �
mt

m
de cos�
 ! ��"
 !

�
mld ! mul�

m

�
sin �"� ! A� �A�
��

where m is total mass and the auxiliary parameters are�

A� �
Ffr�x

m
sign��  x��

n
mt

m
de  
� cos�
 ! �� !

�
mld�mul�

m

�
 �� sin �

o
A� � Ffr�z

m
sign��  z��

n
mt

m
de  
� cos�
 ! �� !

�
mld�mu l�

m

�
 �� cos � ! g

o
A� � Tfrsign��  
��mtde�A� sin�
 ! ���A� cos�
 ! ����mtgde cos�
 ! ���

khrh�ph � ph� � rh�� � 
��� chrh�  ph � rh�  � �  
��

A� � Tfrsign��  ��� �mld ! mul���A� cos � ! A� sin ���mlgd sin � �mugl sin �!

khrh�ph � ph� � rh�� � 
�� ! chrh�  ph � rh�  � �  
��

a� � mtd
�
e ! Jt � �m�

t

m
d�e sin�
 ! �� cos�
! ��

a� � �mt

m
�mld ! mul��de sin�
 ! �� ��

a� � mld
�mul

�
� ! Jl � �mld�mu l���

m

�A�
��

Stance Phase

Considering Figure �A�
� the unsprung mass is stationary and the velocities of two other

masses are as follows�

vt � � l ! de  
 cos�
 ! � � ����el ! �l  � ! de  
 sin�
 ! �� ��� �en �A�
��

vl � �  l�el � �l � d�  � �en �A�
��

Therefore kinetic and potential energies are obtained by�

T � �
�mt

n
 l� ! �l  ��� ! �de  
�� � �de  
�  l cos�
 ! � � �� ! l  � sin�
 ! � � ���

o
!

�
�Jt

 
� ! �
�Jl

 �� ! �
�ml

n
 l� ! �l� d��  ��

o �A�
��
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V � mtg�l cos � ! de sin�
 ! ��� ! mlg�l � d� cos � ! �
�kl�s� ! p ! d � l��!

�
�
kh�ph � p� � rh�� � 
���

�A�
��

Considering L � T�V and Equation �A�
� we end up with the following state equations�

�mt ! ml�"l �mtdef"
 cos�
 ! �� �� !  
 sin�
 ! � � ���  � �  
�g �ml�l� d�  ���
mt�l  �� � de  
  � sin�
 ! �� ��� ! mtg cos � ! mlg cos � � cl�  p �  l��

kl�s� ! p ! d� l� � Ffrsign��  l�

�A�
��

�mtl
� ! ml�l � d�� ! Jl�"� ! mtdel

n
"
 sin�
 ! �� �� !  
 cos�
! � � ���  � �  
�

o
�

�  �  l�mtl ! ml�l � d���mtde sin�
! � � ��  l  
 ! mtde  
  l sin�
 ! � � ���
mtde  
l  � cos�
! � � ���mtgl sin � �mlg�l � d� sin ��

khrh�ph � p� � rh�� � 
��� chrh�  ph � rh�  � �  
�� � Tfrsign��  ��

�A�
��

�Jt ! mtd
�
e�

"
�mt
"lde cos�
 ! � � ���mtdel sin�
! � � ��"��

�mtde sin�
 ! �� ��  l  � ! mtdel cos�
 ! �� ��  �� ! mtde sin�
 ! �� ��  l  
�
mtde cos�
 ! �� ��  
  � �mt�de  
�  l sin�
 ! �� �� ! l  � cos�
 ! � � ���!

mtgde cos�
 ! �� ! khrh�ph � p� � rh�� � 
�� ! chrh�  ph � rh�  � �  
�� �

Tfrsign��  
�

�A����

The �nal simpli�ed state equations are�

"l � A�
"
 ! B� �A��
�

"� � A�
"
 ! B� �A����

"
 �
B� � a�B� � a�B�

a� ! a�A� ! a�A�
�A����

Where the auxiliary parameters are de�ned as�

A� � ��
mt�ml

mtde cos�
 ! �� ��

A� � ��
mtl��ml�l�d���Jl

mtdel sin�
 ! �� ��
�A����
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B� � �
mt�ml

Ffrsign��  l� ! mtde  
 sin�
 ! � � ���  � �  
�!

mt�l  �� � de  
  � sin�
 ! �� ��� ! ml�l � d�  �� ! mtg cos ��
mlg cos � ! kl�s� ! p ! d� l� ! cl�  p�  l�

B� � �
mtl��ml�l�d���Jl

�mtdel  
 cos�
 ! �� ���  � �  
�!

�  �  l�mtl ! ml�l � d�� ! mtde sin�
! � � ��  l  
�mtde  
  l sin�
 ! �� ��!

mtde  
l  � cos�
 ! �� �� ! mtgl sin � ! mlg�l� d� sin �!

khrh�ph � p� � rh�� � 
�� ! chrh�  ph � rh�  � �  
�� ! Tfrsign��  ��

B� � �mtde sin�
 ! �� ��  l  � �mtdel cos�
 ! � � ��  �� ! mtde sin�
 ! �� ��  l  
!

mtde cos�
 ! � � ��  
  � ! mt�de  
�  l sin�
 ! � � ��!

l  � cos�
 ! �� �� ! l  � cos�
 ! � � ����mtgde cos�
 ! ���
khrh�ph � p� � rh�� � 
��� chrh�  ph � rh�  � �  
�� ! Tfrsign��  
�

a� � �Jt ! mtd
�
e�

a� � �mtde cos�
 ! �� ��

a� � �mtdel sin�
 ! �� ��

�A����

Notice that the parameters with subscript h related to the hip joint� i�e� ph represents the

hip actuator position� In this derivation we assume to have linear actuator and spring con�

nected to the hip through an arm with radius rh� therefore� the hip actuation phenomena

get similar to the leg actuation� The discussion of energy losses due to unsprung mass and

mechanical stops elaborated in Section ���
� is also valid here�

By comparison the results obtained here to the results obtained in Section ����� we can

conclude that by just slightly changing the assumption the dynamics of the system became

excessively complex� We will show how acceptable the simpli�ed model is by using experi�

mental results� This could generalized to the system with more complexities and we could

expect that the simple model�based controller� could accomplish the goals for more complex

systems�


